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Abstract 

We consider certain double series of Eisenstein type involving hyperbolic-sine func- 
tions. We define certain generalized Hurwitz numbers, in terms of which we evaluate 
those double series. Our main results can be regarded as a certain generalization of 
well-known results of Hurwitz, Herglotz, Katayama and so on. Our results also include 
recent formulas of the third-named author which are double analogues of the formu- 
las of Cauchy, Mellin, Ramanujan, Berndt and so on, about certain Dirichlet series 
involving hyperbolic functions. As an application, we give some evaluation formulas 
for q-zcta functions at positive integers. 
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1 Introduction 

Let N be the set of natural numbers, No = NU {0}, Z the ring of rational integers, Q the 
field of rational numbers, K the field of real numbers, and C the field of complex numbers. 
We begin with a fascinating result of Hurwitz [12] (see also [13] ) , which is 



(11) V 1 _ ^) k H 

1 ' ' (m + ni) k k\ 

(m,n)^(0,0) 



k 



for k G N with k > 3, where i = y/—T, w is called the lemniscate constant defined by 

f 1 dx r(l/4) 2 
vj = 2 - = v '' = 2.622057 

Jo VT^x* 2^2¥ 

and {H m \ m G N} are often called Hurwitz numbers denned as coefficients of the Laurent 
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series expansion of the Weierstrass p-function, namely, 



(1.2) 



A^O 

1 ^ 2 m # m z m " 2 

m=l v y 



(see also, for example, [2 [26]). Note that H m = if m ^ (mod 4), because p(— z) = p(z) 
and p(i-z) = — p(z), while #4 = 1/10, H$ = 3/10, etc. Formula (jl.ip can be written in 
terms of Eisenstein series G2k(i~) defined by 

(1.3) G 2k (r)= ( T~ ^ (A:eN;A;>2) 

m,ngZ v ' 
(m,n)^(0,0) 

for r G C with 9r > (see, for example, Koblitz [18], Serre [21] )■ In fact (jl.ip gives, for 
example, 

(1.4) Gt ii) = iv, Gs(i) = ^ 0l2(i) _ . . . 

Generalizations of these results were given subsequently by Dintzl (to Q(\/—2)), Matter 
(to Q(V — 3)), Naryskina (to imaginary quadratic number fields with class number 1), 
Dintzl and Herglotz (to general imaginary quadratic number fields). For the details of 
these results, see Lemmermeyer |22l Chapter 8]. 
On the other hand, let 

e^M fl'(0;T)g(£M+XT-3/;T) 
wi 6(£/ur,T)6{xT - y;r) 

for ^ 6 C, x,y £ M. with < x < 1 and 0Ji,0J2 £ C, = r G C with 9r > 0, where 

9{z) is the Jacobi theta function defined by 

(1.6) 9(z) = 9(z; t) = —i exp ^7ri (^n + r + 27rz + z + 7rm^ , 
with 

00 

(1.7) 0'(O) = 2vre^ r / 4 J|(l - e 2 ™^) 3 = 27r7?(r) 3 . 

n=l 

Then Kronecker proved 

N M e -2m(mx+ny) 

(1.8) (£(C;x,y;o;i,a;2) = hm V lim V — ■ 

N^oo t—' M->oo ^— ' t + mwi + nW2 

n=—N m=—M 

(see, for example, Weil [311 Chapter 8]). 
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In [TBJ, motivated by the expression (|1.8p . Katayama considered the Laurent expansion 



(!-9) g(C;a;,j/;a;i,a; 2 ) = - + 2_^ (3 + 1)1 " 

([El (2.8)], where he wrote Sj+i(u)i,<jj2] x,y) instead of "Kj + i(x, y; 0J2)) and proved that 

M N -2ni(mx+ny) 

(1.10) Oii+Ux.y.ut,^) = + lim V lim V -— 

m=-M n=-N y ' 

(m,n)^(0,0) 

for j £ N (see |X6(, Theorem 3]), which can be regarded as a generalization of (jl.ip . 
Note that these results in the case (x, y) = (0, 0) have already been studied by Herglotz 
|llj as mentioned above. In fact, Herglotz noticed that IKj+i(0, 0; uj\, LJ2) is a kind of 
generalization of Hurwitz numbers, because IK^O, 0; = — (2w) Ak H^. 

As another analogue of (jl.ip . the third-named author [28] recently gave some formulas 
involving sinhx = (e x — e~ x )/2, for example, 

(1.11) V V t}T ^_ l 7r a + l 7r2; 

m Jr { o } n,z sinh (-vr)(m + m) 3 15vr 90 6 

(1.12) y y til! — 1^+ j_± 

^nx^sinh(m7r)(m + m) 5 90 2520 720 

meZ\{0} nGZ v /v ' 

These can be regarded as double analogues of the following classical result given by Cauchy, 
Mellin, Ramanujan and so on (see [S1E1E]) : 

fl in V (~ 1 ) m = (n-^k+S^ ( lV -+i ^2j(l/2)g 4 fc+4-2j(l/2) 

1 ; ^ sinh(mvr)m 4fc + 3 1 J ^ 1 ' (2j)\ Uk + A-2j)\ 

mez\{o} v ; j=o J ' / 

for 6 No, where {-B m (a;)} are Bernoulli polynomials defined by 

te xt A „ , 

X) r. 



(1-14) ^-j = J2 B ™( 



m=0 



ml 



Berndt [H [5] recovered ()1.13|) and derived a number of relevant new formulas from a 
general theorem on a kind of generalized Eisenstein series in [3]; yet another viewpoint is 
given in [21] . 

Recently, the authors gave certain functional relations between double zeta-functions 
of Eisenstein type and the double series defined by 



E E 



(-1)' 



sinh(m7r)m Sl (m + niY 2 
mgz\{o}nez \ J \ 1 

By considering special values of these functional relations, we can obtain (|1.11|) . (|1.12|) . 

and so on (see 120 1). 
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It is the aim of the present paper to generalize the formulas (jl.lOp . (jl.lip . and 
(|1.12p . After preparing some notations in Section [21 we will state one of our main re- 
sults (Theorem 13. ip in Section [3l Theorem 13.11 asserts that Laurent expansion coefficients 
%k,r(x,y,z;ui,uj2) of a certain function Rffax, y, z;cji,lu2) can be expressed as a double 
limit, involving the hyperbolic-sine function, similar to the right-hand side of (|1.10p . The 
proof of Theorem 13.11 will be given in Section |H 

Define Bernoulli polynomials of higher order {Bm (z)} by 

^tx . r °° -im 

m=0 

Note that {Bm\x/r)} (r G N) coincide with the original definition Bm\x) of Bernoulli 
polynomials of higher order given by Norlund [23] (p. 185 in [23J; see also |24] 



(1.15) = E^)^ (r e N; |t|< 27T). 



In Section[5]we will show that %^ r {x, y, z; ^i, W2) can be written in terms of {Bm {z)} 
and Hurwitz functions {!Kk(x, y; oji, W2)} (defined in Section [2]). The general statement is 
Theorem 15.11 and combining it with Theorem 13. 1[ we can show a generalization of (jl.lip 
and (|1.12p . involving the parameters (^1,^2)- Here we state the following typical special 
case corresponding to (^1,^2) = (1, i). We use the notation [x] (resp.jx}) which denotes 
the integer part (resp. fractional part) of x E R. The empty sum is to be understood as 
zero. 

Theorem 1.1. Let r E N. Assume that k > 3 and < z < 1, or that k = 2 and < z < 1, 
or that k = 1, < z < 1 and rz Z. Then in the case r > 2 we have 

(1.16) 

I -1 \rn 2ir(m+in)r(z— 1/2) 

' (sinh(m7r)) r [rn + ni) k 

(m,ra)gZ 2 

^ ( 2C 7)'g t (27r)*+"-'< r _ t (z) 
^ Z! (jfc + r-Z)! 

(JtoVfli ,„ , fc+r _, / g&-i(f) _ fk + j- 1\ B { ;l M (z) B k+] ({rz}) 

,. .(fc + r-Z)! ^ J V ./ ;!'• ./ /)! (fc + i)! 

>< r > („\ r-2 /, , . lN R (r> 



+ E^^ (27F) U + r-/)!-^- 1 

!=4 v. 1 y J=0 

(2 7 r) fc +- 1 / r lV -A+i- A ggWj gfc+j(M) 

2 v(fc + r-2)! ^ J V J 7(r-i-2)! (fc + j)! 
and moreover the right-hand side is of degree at most (k + r), [(k + r) /4] and (A; — 1) with 
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respect to it, w 4 and z respectively. In the case r = 1, we have 

^_]^n ^2-K(m+in)(z— 1/2) 
7T / 

' sinh(m7r) (m + ni) fc 

(m,n)eZ 2 

(1.17) = ^ (2w) l H l ^f+^B^jz) (27T)fegfc_l^) 

^ ;i (k + i-iy. 2(k-iy. 

+ { -^—(Bi(z)B k (z) - B k+1 {z)) € Q[vr, w\ z], 

and the right-hand side is of degree (k + i), [(fc + l)/4] and (A; — 1) with respect to it, zu 4 and 
z respectively. Note that, for k = 1, the meaning of the summation on the left-hand sides 
of (|1.16p . (|1.17p is to 6e understood as <CimM,N^2-M<m<M, with the notation LimM,N 

-N<n<N 

to be defined at the beginning of Section [5j 

For example, putting (r, z) = (1, 1/2) and k = 3, 5 in (|1.17p . we can obtain (jl.lip and 
(|1.12p . Similarly ()1.16j) with z = 1/2 gives explicit formulas in the case when r > 2, for 
example, 

x 1 ro 4 11 2 2 

} = IT H 7T, 

' (sinh(m7r)) 2 (m + ni) 2 15ir 2 45 3 ' 

(m,n)£Z 2 

(see Example 16. 2p . We further give another example in the case (wi,W2) = (!>/?) with 
p _ e 2m/3 ^ gee Example 16. 3p . Also we recover our previous results given in [29] (see 
Example 16. 4|) . 

We prove the above theorem, Theorems 13.11 and 15 . 1 1 by considering generating functions 
of generalized Hurwitz numbers and applying residue calculus to them. Hence our method 
of the proof is totally different from that in [28, 29J. It is to be noted that a large amount 
of delicate arguments about convergence of double series are included in the course of the 
proof. 

As an application, we consider (/-analogues of zeta-functions (abbreviated as g-zeta 
functions). In the 1950's, Carlitz defined and studied g-Bernoulli numbers (see [5]). In- 
spired by his study, Koblitz proposed g-analogues of zeta-functions which interpolate q- 
Bernoulli numbers. After their work, a lot of authors investigated various g-zeta functions. 
Recently Kaneko, Kurokawa and Wakayama |15j defined a certain g-zeta function C?( s ) 
and investigated its properties. In particular they showed that limq-^i Cq( s ) = C( s ) f° r 
all s £ C with s / 1, where is the Riemann zeta- function. Furthermore Wakayama 
and Yamasaki [30] generalized Cq( s )- Here we deduce some formulas for the values at 
positive integers of these functions from Theorem 11.11 (see Proposition 17. ip . For example, 
for q = e~ 2w < 1, we prove 

(l- e -2*) 2 /i i 



(1.18) C,(2) = (1 - q? En 

m=l 



-,m\2 



3 7T 
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(see Example I7.2p . 

A part of the results in the present paper has been announced in [TO] . 



2 Preliminaries 

In this section, we prepare some notations and lemmas which are necessary in this paper. 
Let w 1 ,w 2 £C\ {0} such that ^(t^M) > 0. Put r = u 2 /ui- For M, N G N, let C M ,N be 
the boundary of the parallelogram whose vertices consist of ±(M + l/2)u)\ db (N + 1/2)uj 2 - 

2.1 Generating functions of certain Eisenstein series 

In this subsection, we review Katayama's work [16J with additional remarks. Note that 
Katayama's work is based on the classical works of Kronecker, Hurwitz and Herglotz (see 

For -1 < x,y < 1 with (x,y) / (0,0), let <£(£) = <£(£;x,y;oJi,u) 2 ) be as ([T5]) . It is 
easy to see that 9(z), defined by ()1.6p . is an odd entire function. In particular 8(0) = 0. 
Also it satisfies 

0(z + 1) = -0(z), 6(z + r) = - exp(-7UT - 2vriz)6»(z), 

which implies that 6(z) has zeros of order 1 at any lattice points on Z + rZ. It is known 
that there is no other zero of 6(z). From these information we find that (£ is a meromorphic 
function on C and has the quasi-periodicity 

(2.1) £(£ + wi;a;,y;wi,W2) = <£(£; x, y; w x , u 2 )e 2nix , 

(2.2) C(e + W2;x,y;wi,w 2 ) = y; wi, w 2 )e 2 ^. 

It is also seen that (£ has simple poles only on oj\Z + W2Z and its residue at the origin is 
1. Hence (£ is bounded on \J M Cm,n- 

Since 9(0) = 0, the definition (jl.5p is not valid for (x, y) = (0, 0). In this case we define 

(2-3) £ = 2 (;0,0 wi,w 2 = — — - ^ + . 

Then £ is a meromorphic function on C and has the (quasi-)periodicity 

(2.4) + our, 0, 0; wi, w 2 ) = <*(£; 0, 0; wi, w 2 ) + , 

^2 

(2.5) C(e + wa;0,0;a;i,W2) = £(£;0,0;wi,w 2 ). 

This 2; also has simple poles only on toil* + oj 2 Z and its residue at the origin is 1. 
For — 1 < x, y < 1, write the Laurent expansion of (£ at £ = by 

(2.6) &{£',x,y;ui,W2) = 2^ -n C • 

fc=0 
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The first three coefficients in (|2.6p are given by 

(2.7) W (x,y, u 1 , u 2 ) = 1, 

, \U2 mx + e y- y > T ] ), (x, y )/(0,0), 

(2.8) 'K 1 (x,y;uji,u}2) = < 0(xt — y,r) / 

(O (x,y) = (0,0), 

and 
(2.9) 

3i 2 (x,y;uJi,UJ2) = 

' 1 / /n . , 9 „ . e'ixT-yyr) 9"(xT-y,T) 0"'(O;t)\ , , , , n nS 

— ((2 m x) 2 + Amx-± + -H- on, ( n J > (x,y)^(0,0), 

Lof\ 0{xt — y,T) t)(xT — y;T) 30'(O;r)/ 

1 Mmun 20"'(O;r)\ . , , . 

Here we claim that for k ^ 1, "Kk(x,y;u)i,LU2) is continuous at (x,y) = (0,0) with 
respect to x. To show this claim, we use 

<£(£;sc,0;wi,a72) - !Ki(x,0;wi, w 2 ) (x / 0), 

(£^;0,0;wi,w 2 ) (x = 0). 

In [16], Katayama considered each case individually. We prove the following continuity. 

Lemma 2.1. Fix £ ^ i^iZ + u^Z. T/ien (£(£; x; u>i, w 2 ) is continuous with respect to x at 
the origin. 

Proof. We have 

(2.11) lim £(£;£; wi,w 2 ) 

(( 27T2x£ \ 27TZx£ \ 
<£(<!;; x,0;cji,u; 2 ) — I H JCi(x,0;wi, w 2 ) H ^i(x,0;u;i,u; 2 ) 
\ CJl J U)\ J 

e 2«^M e // T )0U/ Ul + xr; T ) _ e-awfce/wi n + 2mx£/uj 1 )0(£/u 1 ; t)9'(xt; t) 

= hm 



(2.10) C&xjwi.wa) 



£-»o cji 9(£/u>x; t)9(xt; t) 
— lim(l + 2irix£,/u)i) h lim IKi(x, 0; wi, w 2 ) 

IE— 5-0 U>\ X— >0 £Jl 

lim n -^777 w \ r)((9(eM; r) + 0'(£M; r)xr + 0(x 2 )) 

x-K) Wi6'(£/wi; r)p(xr; rj \ 



0(£M;r)(^(O;r) + O(x 2 )) 



2vri£ 
W1W2 



1 9'{i/u x -r) 



ui 9(£/ui;t) uiu^' 

where we have used the fact 9(0; r) = 9"(0; r) = and 

1 9'(xt;t) 1 

(2.12) lim x'Ki(x, 0; u\, w 2 ) = h m xr—7 — ! — r- = — . 

x->0 toj\ x-±0 9{xt; t) L02 

This implies the assertion. □ 
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arc \ M k (x;ui,u 2 ) 



For — 1 < x < 1, we define 5£fc(:c; wi, oj 2 ) by 
(2.13) 

Then we have 

(2.14) ik k (x;ui,U2 



k=0 



k\ 







[5t fc (x,0; wi,w 2 ) 
Using the Cauchy integral formula, we see that 



(k = l), 
(Ml)- 



(2.15) 



lim Ji k (x;ui,u 2 ) = 5Cft(0; wi, w 2 ) 



Then we see that ^K k (x, y; wi, w 2 ) is continuous as required. We call < K k {uj\, oj 2 ) = 9£fc(0, 0; oji,u 2 ) 
the fcf/i Hurwitz number associated with (u;i,u; 2 ), and !Kfc(x, y; u>i, w 2 ) the A;f/i Hurwitz 
function associated with (uii,ui 2 ) (which may be justified by ()2.19p below). We quote the 
following. 

Proposition 2.2 (Katayama [16], Theorem 3). Let k be an integer with k > 2. Let 
— 1 < x,y < 1. If k = 2, then assume (x,y) / (0,0). VFe have 
(2.16) 



5C fe (x,y;wi, w 2 ) 



-2! lim V 



^ g27ri(ma;+nj/) 

lim > -5- 

~M<m<M —N<n<N y 1 ZJ 

(m,ra)^(0,0) 
„27ri(mx+ny) 

-fcl _ 

■^-^ (mwi +ncj2) fc 

(m,n)GZ 2 \{(0,0)} V ' 



(* = 2), 
(k > 3). 



If k > 3, then the series converges absolutely and uniformly. 
We can see that 



(2.17) 



w k (uji,u) 2 ) = -M y~] 



1 



(m,n)eZ 2 \{(0,0)} 



(mwi + noo 2 ) 



for > 3. Moreover by (|2.9p . we have 
(2.18) JC2(wi,w 2 ) = -2! lim i lim V lim V 

k -M<m<M 



-N<n<N 
(m,n)^(0,0) 



(mwi + nw2) 2 



1 (Amui 20"'(O;t) 



uj\\ u 2 ' 36>'(0;r) 
Lemma 2.3. For £ N u>i£/i A; > 3, we have 

(2.19) 9£ fc (l,i) = -(2vj) k H k 

and 



(2.20) 
(2.21) 



5£ 2 (l,-l/r) = t 2 :K 2 (1,t) - 4vrir, 
5C 2 (1,») =2vr. 
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Proof. First, comparing (jl.ip and (|2.16|) . we have (j2. 19j) . To prove the other formulas, we 
recall 

(2.22) (-iT) 1/2 9(z; r) = -i exp(-OTz 2 /t)6{-z/t; -1/t) 

(see [3IJ Chap. 7]). Differentiating the both sides by z and putting z = 0, we have 

(2.23) {-iT) x ' 2 e'{Q- r) = V(0; -1/t). 



i 

T 

In addition, differentiating twice more, we have 



(2.24) (-irjVV'CO; r) = %9'(0; -1/t) + -A/"(0; -1/t). 



Dividing (f234l by 0'(O; -1/t), and using flZjgg) , we have 

i r(0;r) 6tt j fl"'(0;-l/r) 
1 J r 0'(O;r) r 2 r 3 0'(O; -1/t) ' 

4vri 2 6>'"(0;t) 



By ([215]) . we have 
(2.26) 



pin 

3£ 2 (1,t) = — + ^ 



5C 2 (l,-l/r) = -4wr + 



t 3 0'(O;t) ' 

2 0"'(O;-1/t) 



3 0'(O;-1/t) ' 

Therefore, combining (|2.25p and (|2.26[) . and eliminating 6"'/ 9', we obtain (|2.20p and es- 
pecially flMEp . □ 

Remark 2.4. It follows from Proposition ^. 2l that (|2.20p and ()2.2ip correspond to the well- 
known facts G 2 (— 1/t) = t 2 G 2 (t) + 2irir and G 2 (i) = — tt, where G 2 (t) is the Eisenstein 
series of weight 2 defined by 

G 2 (r) = lim lim ^, 



-M<m<M -N<n<N 
(m,n)^(0,0) 



(see Serre [271 Chapter 7, §4.4]). 



2.2 The generating function of Lerch zeta-functions 

Fix z G C. Let 

27T7 p 27r *^/ w 2 

Then 5 is a meromorphic function on C, satisfies 

(2.28) w 2 ) = -S(-£;i-z;w 2 ), 

and has the quasi-periodicity 

(2.29) m+^)=noe Mz . 
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Furthermore 5 has simple poles only on UJ2L and its residue at the origin is 1. Write the 
Laurent expansion of 5 at £ = by 

(2.30) m^)=f:^p 1 e- 1 . 

k=0 

Since 5 is essentially the generating function of Bernoulli polynomials (see (|1.14p ). we can 
easily obtain the following lemma (see, for example, [H p. 267]). 

Proposition 2.5. Let k be a positive integer. Let zfl If k = 1, then assume z Z. 
We have 



2iri \ k 

(2.31) r B k ({z} ] Lo 2 ) = ( B k {{z}) = { 

&2 J 



- lim 1! V (k = 1), 

-N<m<N z 
Jl-Kimz 

m€Z\{0} 



If k>2, then the series converges absolutely and uniformly. 
Furthermore, for r S N, we define 23^- (2;; u^) by 

(2.32) mzM) r = 52 V ^~ r - 

Then, comparing with (|1.15p . we have 

(2.33) Sf^wa) = {2m/u 2 ) i Bf i {z). 

3 A generalization of the Hurwitz-Herglotz-Katayama for- 
mula 

To state our result, we first define hyperbolic-sine analogues of Eisenstein series. Let 
— 1 < x, y < 1, < z < 1, k, r G N, wi,W2 £ C and r = o^A^i with > 0. Let linijv/-s.oo 
stand for the limit in the following sense: there exist sequences {Mk}%% 1 , {Nk\%^-i such 
that, for any R > 0, one can find K = K(R) for which M k > R, N k > R hold for any 
k > K. Denote by LimM,N any one of the following limits: 

(3.1) lim , lim lim , lim lim . 

M->oo M^i-oo N^-oo JV-s-oo M->oo 

JV-K» 



10 



Define 



9^(x,y,z;wi,w 2 ) 



E 



(3.2) 



(-l) rn f 



2m(m(x+r(z-l/2)/T)+n(y+r(z-l/2))) 



dm , . 
M,7V * — ' (smh (mm/T ) 

—M<m<M V V 7 " 
-AT<n<AT 
m^O 



mwi + noj2) 



(m,n)s2 



k = 1 and < 2 < 1, y + rz ^ Z, or \ 
k = 2, (s,y) ^ (0,0) and z = 0, 1 I' 

^_]^rn g27ri(m(a;+r(2;— l/2)/r)+n(j/+r(2— 1/2))) 



2 (sinh(m7rz/r)) T 



(mwi + nw 2 ) 



k > 3, or \ 
A; = 2 and < z < 1 / ' 



In Theorem 13. 1| we will show that the first sum of the right-hand side does not depend 
on a choice of the limits (|3.ip while the second converges absolutely. It should be noted 
that when (x, y, z) = (0, 0, 1/2) and k > 3 we have 

1 1 

Ul-i 



S£ } (0,0,l/2;t^,W2) = ig V 



(m,n)eZ- 



(sinh((m + nr)7rz/r)) r (m + nr) fc ' 



because we see that (sinh((m + nr)7ri/r)) r = (— l) r "(sinh(m7ri/r)) r . Hence we can call 
Sj[ (x,y,z; (jJi,(jJ2) a hyperbolic- sine analogue of ordinary Eisenstein series in the sense 
similar to g-analogues of zeta-functions (see (|7.1j) - ([7.3p ). 

For — 1 < x, y < 1 and < z < 1 with (x, y, z) / (0, 0, 1), define 

(3.3) MO = M^x,y,z;u 1 ,u 2 ) =Res('D r (0v~ 1 ~ ®r(r)M£ ~ V, {y + rz};uj 2 )) 

r/=0 

and 

(3.4) firfe) =&r& 0,0,1; ui.wj) = (-l) r+1 ^(-e; 0,0,0;wi,W2) 
where the residue is taken for £ w 2 Z, and 

(3.5) S r (£) = D r (£;x,n,z;u;i,u; 2 ) = <£(£; x, y; u 1 , w 2 )£(£; z; o; 2 ) r . 

We will show later in this section the continuity of Br with respect to x at x = when 

y = o. 



The following theorem implies that Br is essentially the generating function of 9 



Theorem 3.1. For — 1 < x,y < 1 and < z < 1, i/ie function Br(£;x,y, z;u)i,u>2) is 
meromorphic in £, and especially holomorphic at £ = 0. Write the Taylor expansion of Br 
at£ = by 



(3.6) 



^r(C;ac,i/,«;a;i,W2) = 2 - , n 5 



fc=i 



fc! 



11 



Let k be a positive integer. If k = 2 and z = 0,1, then assume (x,y) ^ (0,0). If k = I, 
then assume < z < l,y + rz ^ Z. Then we have 

— J 9%'(x,y,z)UJi,oj2). 

The first sum of the right-hand side of (|3.2p does not depend on a choice of the limits 
(|3,ip while the second converges absolutely uniformly. 



Remark 3.2. Comparing (|3.6p with (|2.6|) . we may call %j ir {x, y, z;oj\,U]-z) the kth gener- 
alized Hurwitz function. 

The above theorem is regarded as a hyperbolic-sine analogue of the Hurwitz-Herglotz- 
Katayama formula (|1.10p . In fact, though the above theorem is proved for r £ N, let us 
consider the case r = of the theorem formally. Then 2)o(£) = <£(£)> an d so $o(£) = 
£(£) - Ml w 2 ). Therefore from jOJ and (|2~3(1 it follows that 

3Cfe i0 (a;,2/,^;wi,a;2) = JCfcfoyjwi,^) - £&({?/}; w 2 ) 

and hence, using (jl.lOp and ()2.3ip . we find that (|3.7p is valid (formally) for r = 0. (On 
the right-hand side of (|1.10|) . the double sum is divided into two parts corresponding to 
m 7^ and m = 0, each of which is equal to — felSjj. and Sfe, respectively.) Our proof 
of Theorem 13.11 presented in Section H] is not valid in the case r = as it is, but it is 
possible to modify the argument there slightly to obtain the proof for r = 0. In this sense, 
Theorem 13.11 is a generalization of the Hurwitz-Herglotz-Katayama formula. 

Now we give the proof of the continuity of &r. 
Lemma 3.3. Let k be an integer with < k < r — 1 and X, Y G C, e x ^ 1. Then 



(3.8) Res 



Y=o (e Y - l) r {e x - Y - 1) (e x - l) r ' 
Proof. Choose a sufficiently large R > \X\, and consider the integral 

, , 1 f e kY dY 

(3.9) 



2vri J L (e Y -iy(e x ~ Y -1)' 

where the path of integration L is the rectangle whose vertices are ±i? + ci and ±R + 
(27r + c)i, where c G R is chosen so that it is not congruent to 0, QX mod 2irZ. Then the 
poles inside L are and X (mod 2niZ), and so 

(3.10) Res — = - Res 



y=o (e y - l) r (e x " y - 1) y=x [e Y - l) r (e x - Y - 1) 

2 j—R+d e kY dY 1 /'•R+(27r+c)i e fcy dy 



2*i y_ fl+(2w+c)i (e y - l)-(e^- y - 1) 2vri 7 R+ci ( e * - iy{e x ~ Y - 1) " 
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We have uniformly 

e kY fo( e ( fc + 1 ) y ) Ofty^-oo) 



(3.11) 



( e y _ l)r( e x-Y _ !) | o(e( fc - r ) y ) (5fty -> oo). 



Since < A; < r — 1, by taking the limit -R — > oo, we obtain 
Res —^7 ; . v . , — = — Res 



y=o (e^ - l)r(e^-y - 1) y=x - l)r(e*-v - 1) 



(e* - 1)' 



Lemma 3.4. For < z < 1, we have 

(3.13) Res(S(£; z; w 2 ) V 1 - #(77; z; w 2 ) r ^ - r/; {rz}; oo 2 )) = 0. 

Proof. We have 

/ 27T? \ r+1 / p 2nir]z/uJ2 v r p 27ri(£-r)){rz}/u;2 

3W^-»n{r*};<*) = (^ ' 



□ 



V Wo 7 Ve 2 ™'/" 2 — 1/ e 27ri(?-»7)/w2 _ 1 

(3 14) 

'27T?"\H-1 „ ., r w 27r«77[r2;]/a;2 
' 3 27rjC{r2}/w 2 . 



e 



U; 2 7 (p2mr)/u 2 _ ]_)r f e 2m($-rj) /uz _ 1) ' 

Since < z < 1, we see that < [rz] < r — 1. By Lemma 13.31 we obtain 



(3.15) /2vriy e 27r ^ z M 

~ V u^/ ( e 2^M _ iy 



Assume that < z < 1 and i/O, and fix £. By Lemma 13.41 we see that 



□ 



(3.16) &r{£] x, 0, z;u)\, 0J2) 

- %i(x, 0; wi, w 2 ) Res(#(£; z; w 2 ) r r?~ 1 - #(77; z; w 2 ) r #(£ - 77; {rz}; w 2 )) 

T]=0 

= Res(£(£; x; u Xl w 2 )#(£; 2; w 2 ) r r/ _1 - (£(77; x; wi, u) 2 )^{m z i ^2) r #(£ - 77; {rz}; cj 2 )) , 

»7=U 

where the second equality follows from the definitions (|2.10p and (|3.3p . Now it is easy to 
take the limit x — > 0. Using Lemma 12. 11 we have 

(3.17) lim -ftr(£; x, 0, z; wi, w 2 ) 
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= lim Res(<£(£; x; wi, w 2 )#(£; z; uj 2 ) r i] 1 - (£(r/; x; u x , w 2 )5 r (??; z; to 2 ) r $(£ - rj; {rz}; u 2 j) 

x-»0 77=0 

= Res(£(£; 0; ui, u 2 )$(£; z; u 2 ) r rf l ~ 0; wi , ^2)^(7?; z; w 2 ) r £(£ - rj; {rz}; u 2 )) 

rj=0 

= 0,0,z;wi,u;2), 

which implies the continuity of with respect to x at x = 0. 

Here we remark that the situation in the case z = 1 is slightly different. By 

(3.18) £(£;x,y;wi,u; 2 ) = -£{-£,; -x,-y;u u u 2 ) 

and (|2.28p . we have 

£V(£;^,y, 15^1,^2) = &{H;x,y;u)\,u} 2 )$(£; i;^ 2 ) r 

. =(-ire(e;x,y;a; 1 , W 2m-C;0;a;2r 
(3-19) 

= (-lf+ 1 ^(-C; -x, -y; lj u u> 2 )ff(-£; 0; a; 2 f 
= (-l) r+1 2) r (-e;-x,-y,0; Wl ,^ 2 ), 

and so for i/O, 

(3.20) £,.(£; x,0,l;wi,W2) 

= Res(2) r (£;x,0, l;^,^)^ -1 - D r (r/;x,0, l;wi,w 2 )S r (C - J7;0;w 2 )) 

»7=0 

= (-l) r+1 Res(£ r (-£; -x, 0, 0; oj 1} W2)??" 1 
??=o 

+ 2) r (-r?; -x,0, Oswi,^)^-? + W l;w 2 )) 
= (-l) r+1 Res(£ r (-£; -x, 0, 0; oj u w 2 )?? _1 

7?=0 

+ D r (-T/; -x, 0, 0; Wl , u; 2 )tf(-£ + m 0; u 2 )e 2m ^ + ^'^) 

= (-i) r+1 M-^-x,o^;ui,u; 2 ) 

+ (-iy Res(S r (r/; -x, 0, 0; wi , CJ 2 )$(-Z - m 0; u; 2 )(e 2 ™«-^ 2 - 1)) 
»?=o 



(-l) r+1 ^ r (-^;-x,0,0;a;i,a;2) + J R r (x), 



where 



2ni 

(3.21) i? r (x) = (-l) r ResD r (r ? ;-x,0,0;wi,a;2). 

C1J2 »7=0 

Therefore (l3T7)l and (l3T20]l imply 

lim (&r(£; x, 0, l;u;i,a; 2 ) — Rr(%)) = lim(— l) r+1 ^ r (— £; — x, 0, 0;a;i,a;2) 

x— >0 x— >0 

(3-22) =(-ir +1 ^(-e;0,0,0; Wl ^ 2 ). 

= ^.(^0,0, l;wi,a;2). 

Note that ()3.22j) means that if we subtract the constant term R r (x) with respect to £ from 
&r(£;x, 0, 1; wi, w 2 ), then it goes to $r(£; 0, 0, 1; u 2 ) when x — )• 0. 
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4 Proof of Theorem 13.1 



For M, N G N, let Cm,n be the boundary of the parallelogram whose vertices consist of 
±(M + l/2)wi db (N + 1/2)cj2. We show some key lemmas about the following limit: 

(4.i) Lim [ c k e(ZMO r % = o. 

^ Jc M , N 

Lemma 4.1. Xei r G N. Assume that k G N uni/i k > 2, (x,y) / (0,0) and < z < 1. 
Then (gl]) ZioZds. 

Lemma 4.2. Ze£ r G N. Assume that k = 1, (x, y) ^ (0, 0), < z < 1, y + rz g" Z. TTien 
(|4TT| ZioWs. 

Remark 4.3. In Lemma [4.21 if z = 0, 1 and y + rz G" Z, then limjvf-s-oo lirn/v->-oo is allowed 
while if z / 0, 1 and y + rz G Z, then lim7v->oo hniM->oo is allowed. 

Lemma 4.4. Lei r G N. Assume that k G N k>2, (x,y) = (0,0) and < z < 1. 7/ 
k = 2, then assume z ^ 0, 1. T/zen (|4.1|) holds. 

Lemma 4.5. Le£ r G N. Assume that k = 1, (x, y) = (0, 0), < z < 1 and rz G" Z. T/ien 
(gjj) /io/ds. 

To show these lemmas, we need some preparation. Let Cj^ N be the segment from 
— (M + 1/2) wi + (AT + 1/2)^2 to (M + 1/2) wi + (N + l/2)w 2 and C^, from (M + 
l/2)o;i + (N + l/2)w 2 to (M + l/2)wi - (JV + l/2)w 2 . 

Let be the line from — oowi + (iV + 1/2)^2 to ooo;i + (N + l/2)w 2 and C|^, from 
(M + l/2)wi - 00UJ2 to (M + l/2)wi + oou 2 . 

Lemma 4.6. Ze£ < a < 1. T/ien i/iere exisi positive constants c,5, depending only on 
a, such that for all £ G \J M NeS Cm,n, 



(4.2) 



2iri^a / 'u>2 



< ce 



-i|»«/«a)| 



Proof. This is because the left-hand side is periodic in £ with period 6l>2, while, since 
< a < 1, the left-hand side is of exponential decay when £ moves along Cjy. □ 

Lemma 4.7. For a G M \ Z and /3 G C \ Z, 

w e 2-Kina e 2ni/3(l~{a}) 

(4.3) lim — = 27n — ^5 — (= $(a,/3),say). 

n=-N H 

Proof. In this proof, we temporarily set (wi,a; 2 ) = (l,i). Assume < a < 1. Let 

( 4 - 4 ) /(0 = ^F3T- 
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Then by Lemma 14.61 we see that there exist c, 5 > such that 
(4.5) |/(0| <ce"«l 

for all £ G Um TVeN Cm.n- Putting £ = a + (iV + l/2)z on Cjy, for all iV with sufficiently 
large |JV|, we obtain 



(4.6) 

and 

(4.7) 

Hence 
(4.8) 

(4.9) 



< oo. 



JL -M,N JL/ N 

lim / (£ + ^)-Vm = 0. 



Setting £ = a + 6z on C^ N with a = M + 1/2, for all M with sufficiently large \M\, we 



have 



a 2 

M.N 



(4.10) 

which implies that 
(4.11) 



pN+l/2 

<ce~ 5|a| / \{a + bi + Pi)~ l \db 

<ce- 5|a| |a-9/3|- 1 (2iV + l), 



lim / (£ + */?r7(£R = o. 



Hence for a sufficiently large N > 0, we have 



A-/-KJO 



lim / (£ + ^)- 1 /(0^ 



(4.12) 



Cm,n 



r 1 Ir 1 



A e 27rinQ e 
2^ — — + 27ri 



n=-N 



/3 + n 



where the second equality follows by counting the residues of the poles between Cj^ and 
Clj V _ 1 . But (|4.9p implies that the second member of (|4.12p tends to as N — > oo. Hence 
the third member also tends to 0, which implies (|4,3p . 



□ 



Lemma 4.8. Let a G R \ Z. T/ien there exists c = c(a) > such that 



(4.13) 

for all N G N and (3 G C \ R. 



" g27rina 



n=—N 



P + n 



< 



16 



Proof. We have 



N g27rina 



E 

n=-N 



/3 + n 



E^)^-/ K (E 



„27rmo 



(4.14) 



n=—N 
-2-KiNa 



n=-N 



m _ e 2nia(2N+l)\ 1 

1 - e 2 ™ f3 + N 

*N e -toiNatf _ e 2iria([t]+N+l)\ _^ 



N 



Hence 



„27rma 

V £ 

^ /3 + n 



(4.15) 



< 



< 



l-e 



+ 



2ixia 



l-e 2 ™| V + AT| J_ N |/3 + £| 2 



II - e 



2nia\ \ lev 



1 



|9/3| 



+ 



1 1 

+ 



^/3 + e| 2 



< 



|1 - e 2 ™| V |3f/8| |9f/8| 
c 



/|2 



|9/3| 



for some c > 0. □ 
Lemma 4.9. There exists c> 0, depending on u\,u)2, such that 

(4.16) |£| >c(a 2 + 6 2 ) 1 / 2 
for all £ = ooji + buj2 G C \ {0}. 

Proof of Lemma \4- 1\ We first show that on Um tvgn @m,Ni 

(4.17) ie(e)^(6 r i<co 

for some Co > 0. In fact, the boundedness of <£(£) follows from (|2.ip . (|2.2p . while the 
boundedness of follows from Lemma 14.61 when < z < 1, directly when z = 0, 1. 
Consider the path ^ . By Lemma 14.91 we have 



(4.18) 

Since 
(4.19) 

we have 
(4.20) 



ir*e(03 r (0 r l < 



C C 



( a 2 + 6 2)fc/2' 



/■°° da_ 

Loo (a 2 + 1 



)fc/2 



< oo, 



^im f r fe e(0s(0 r ^ = o. 

AT.JV /^l 



This together with similar estimations for the rest of the path Cm,n implies (|4.ip . □ 
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Proof of Lemma \4-2\ First we consider the path C]^ N . For £ = ami + 6u> 2 with a£l and 
b = N + 1/2 > 1, 

p -\a\rSU{i/r) 

for some c\ > by Lemmas 14.61 (which can be applied because < z < 1) and 14.91 which 
implies 

(4.22) Lim f f^W^O. 

J °M,N 

Next we consider the path C\j N . We have, using (|2.2p and ()2.29p . 

(4.23) / comity da 

JL/ M,N 

rN+1/2 

= / (aui + 6w 2 ) _1 C;(oa;i + bu; 2 ) : S(au>i + &w 2 )' r (-u;2d&) 

J-{N+l/2) 
N fl/2 

= V / (aa; 1 + (6 + nV 2 )- 1 €(au;i + 6w 2 )5(aa; 1 + 6 W2 ) r e 2 ^ +r2 ) n (- W 2^) 

/1/2 g27rj(j/+rz)n 
(£(awi + 6w 2 )5(a^i + 6w 2 ) r V] — — — r — -(-u 2 db), 
-i/2 n t^ N (awi + (6 + n)w2) 

where a = M + 1/2. Let /i(M, TV, 6) be the integrand of the last member. Then Lemmas 
[4T61 and [O] imply 

-|a|r5R(i/r) 

(4.24) \h(M,N,b)\ < 2 - 

\a<ST L \ 

for some c 2 > 0, which implies 

(4.25) lim / C^MZYdt = hm lim / r^MO^ = 0. 

TV— >oo M,N °M,JV 

On the other hand, by Lemma 14.71 and (|4.23|) we have 

(4.26) Hm / c'mmrdt 

TV— >oo /r>2 

rl/2 

= / <£(awi + &w 2 )3 r (awi + 6w 2 ) r $(y + rz,a/r + b){-db). 

J-l/2 

Applying Lemma 14.61 (available because y + rz ^ Z) to <3?, we obtain for some C3 > 0, 

(4.27) |€(owi + 6^2)^(00;! + bu 2 ) r $(y + rz,a/r + b)\< C3e -|a|r«Si(i/T) e -|a|«'»(t/r) j 
which yields 

,1/2 



(4.28) lim / <£(au;i + 6w 2 )#(a^i + 6w 2 ) r $(y + rz, a/r + b){-db) = 0. 

A/^oo 7-1/2 

Similar estimations also hold for the rest of the path Cm,n, therefore (|4.ip follows. □ 
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Lemma 4.10. Let (x,y) = (0,0). Then on \J M n& ^Cm,n, we have 

(4.29) mom r \ < 



C4e -s\m/"2)\ (o < z < i) 

C4(l + |»(iC/w2)|) (* = 0,1) 



/or some C4, (5 > 0. 



Proof. For £ £ |J M jy gN Cm,n, put £ = (a + m)wi + (6 + n)^2 so that < a, b < 1. Then 
for some c, c' > 0, 

= l^atU! + 6w 2 ) + 2irim/oj 2 \\3(O r \ 

(4 ' 30) <( C +c'i^M)i)i^ri 

by (|'2.4|) and (|2.5|) . If < z < 1, then by Lemma 14.61 and replacing <5 by a slightly small 
one, we obtain <^29\\ . If 2 = 0, 1, then is bounded and (|4T29l) holds. □ 

Proof of Lemma \4Jj\ By Lemma [4. 1Q|. if < 2 < 1, we see that on \J M NeN Cm,n, 

(4.31) mmm<c5 

for some C5 > 0. If z = 0, 1, then 

(4.32) |r 1 «(03 r (0 r l < C5 

holds instead. By the same argument as in the proof of Lemma [4. 11 we have (|4.ip in these 
cases. □ 



Proof of Lemma \4-5\ Since the same estimation as (|4.2ip holds, the proof of Lemma 14.21 
works well in this case. □ 

Proof of Theorem \3.1[ Let k E N. Due to the properties of £ and we see that £ _fe 2)r(£) 
has poles only at £ = muj\ + nu>2 (m, n E Z). Hence 

(4.33) / r*svm = E t Res r*x>r(0- 

-JV<n<iV 

By Lemmas 14.11 14.21 H~H and 1431 we have 

(4.34) £im V Res £~ fe S r (£) = — &im [ 6~ fc 2> r (Odf = 

-M<m<M s ^(-Af.iv 
-JV<n<iV 

under the assumptions of Theorem 13.11 

The poles at £ = muj\ + nui2 (m E Z \ {0}, n E Z) are simple and their residues are 
calculated as 
(4.35) 

Res £ ~ k D r (£) = Res(mwi + nu2 + h)~ k €{muJi + nui2 + h)$(mui + nu>2 + h) r 



Res(mwi + nuj 2 + h)~ k ^(h^mui + h y e ^(^+n( y +rz)) 



h=0 



{mux + nu J2 y k d{muj 1 ) r e 2niimx+n( - y+rz)) . 
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Similarly the poles at £ = nuj<i (n £ Z \ {0}) are of order (1 + r) and their residues are 
Res r fc 2V(0 = Res(noj 2 + /i)- fc D r (/*)e 2 ™ fe+r2) 

£=ria;2 h=0 

(4.36) 

Since 2) r (£) has a pole of order (1 + r) at the origin, by putting 2) r (£) = X)So I>z£' _r_1 
we obtain 

(4.37) Res C k ®A0 = (V ^-j^^^T^ rN)"*"^^ 2 ' 
Hence by Proposition 12.51 with noting y + rz Z in the case = 1, we have 

(4.38) Jim V Res C k ®r(0 



-N<n<N 

r 



VVj ^ ( M J ~J )! I™ V (n W2 )- fc ^e 2 ™^) 

i=0 v y -N<n<N 



J2% 



(-iy (fc + j-l)!S* +i ({i/ + rz};w2) 



/=() r ~ J i! (fc-1)! (A; + i)! 

Since from (|2.30|) we see that 

^ r^-i ^- , u (/-!)! Ww) 

W (C -M,z,o»)) = - E (i-j-i). zi « 

(4.39) 

and for < j < r 

(4.40) ResT — r =0, 

K ' £=o s d& 

we have 

(4.41) 

Hm £ Res r fc Sr(o = Resr fc E^r- J ^^-(r 1 -5(e;{y + ^};^)) 



R = e s r fe E V" d?J ?(e; {y + rz}; W2) 

Res C k Res £ r (r/)ff (£ - rj; {y + rz} ; w 2 ) . 

£=0 r;=0 
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From (g3U), (|3~35|) and (|OT|) we obtain 
(4.42) 



= Lim V Res f~*3) r (f) 

-M<m<M s 
-JV<n<iV 

M",JV \ ^ mwi + nu 2 ) k 5=0 v 7 ^ ?=«u 2 / 

V -M<m<Af VI'/; •» -N<n<N 7 

—N<n<N n+0 

= £im V M 1J -r + Resr fc S)r(6+ I™ V Res r fe £>r(0 

M,N ^ (mtUi+nL0 2 ) k 5=0 A^oo ^ £=nw 2 

—M<m<M ~N<n<N 
-N<n<N n^O 
m^O 

* Km y e - h — + Resr fc ^(e). 

—M<m<M 
—N<n<N 

Next we show the holomorphy of Ar in the neighborhood of the origin. We see that 
(4.43) 

MO = ®r(0-R<*®r(vM£-ri;{y + rzy,uj 2 ) 

r;=0 

= D r (£) - ResS r (77)(£ - r?)- 1 - Res D r (r/) (#(£ - V ;{y + rz};^ 2 ) - (£ - r?)" 1 ). 

r;=0 »7=0 

Since the last term is holomorphic in the neighborhood of the origin, it is sufficient to 
check the first two terms. We have 

r 

© r (0 - RassvMtf - r?)- 1 = y %e j '- r_1 + o(i) - r 1 Res^rwa - wo -1 

?7=0 ??=0 
J=0 

f4 44) r r 

= £ d,^- 7 - 1 + o(i) - r 1 E 2) i^" r 

3=0 j=0 

= 0(1), 

which implies the holomorphy of A in the neighborhood of the origin. Hence (|3.6p is valid, 
and so 

R 5 r%(f) = ^. 

From this and (I4.42|) we obtain the conclusion ()3.7p . 

If & > 3, or = 2 and < z < 1, then the series converges absolutely uniformly and 
we have the result. 

□ 

(r) 

5 Relations among %k,ri 3^1 an d T> k 

In this section, we first give the following result which includes the previous result given 
in [28]. At the end of this section, we will give the proof of Theorem ll.il 
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Theorem 5.1. Assume < z < 1 and let k E N. For (x,y) / (0,0). 

(5.1) 0C fe>r (x,y,z;o;i,W2) 

= , , \p J^(x,y;q;i,u 2 ) ^r-^j ^2) 
" ^ 2! (fc + r-Z)! 

+ fe! E T\ 

1=0 

Ml-l&M) ^ ggj-f(f^)(-l)f (fc + j-l)!S fe+j ({y + rz};a; 2 ) 

V (fc + r-Z)! ^ (r-j-i)! j! (* - 1)! (fc + j)! 

For (x, y) = (0, 0) and z / 1, 

(5.2) X ktr (0,Q,z;u)i,<jJ2) 

^ ^(a;i,g; 2 ) 3< r ) r _,(z;a; 2 ) 
i! (fc + r-01 



+ *<E 



- ^t.,(^;^) ^ gg^C^j (-lp (fc + j - 1)! S fc+J ({rz};^ 2 ) 
X (k + r-l)\ (r-j-l)\ j\ (k-l)\ (k+j)\ 



Proof. From (|2.6p and (|2.32[> we have 



00 n( r > 

i-r-l 



mm - (E ^-) (E V - E(E ^ 

z=o fc=o i=o ;=o KJ ' 

and hence 

?y=0 

\ ^ /V^ ^-/ n k+r-l \tk-l 

\^ Z! (k + r-l)\)^ 

k = -T 1 = V ' 

j=0 1=0 y J ' J s 

Z! (fc + r-Z)!/ ? 
fe=l «=o v ; 

_ VfV ^ ZT^d ^ til V (fe+J-l)!S fc+J ({y + rz};g; 2 ) fc _ x 

where on the first sum on the right-most side, the part — r < k < is removed because 
$r(£) is holomorphic by Theorem 13. 11 Comparing the coefficients of we obtain (|5.1j) . 
Using the continuity ()3.17|) . we obtain (|5.2p . □ 
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Theorem 5.2. For z (Z — y)/r, 

(5.3) o^ 2 /■ lT- J M£; a; > Vi *]Ui,u)2) = &r{&x,y,z;ui,U2), 
Anir^ oz 

and 

(5.4) -^^-^-% kr (x,y,z;uji,uj2) = k% k ^ lr (x,y,z;u 1 ,uj2) (k>2). 
Zmr oz 

Furthermore 3Cfc ir (x, y, z; uj\,u 2 ) «s a polynomial function of degree at most (k — 1) m z in 
the interval where [y+rz] is constant. The degree is (k—1) if and only if Mr(0; x, y, z; wi, 0J2) 7^ 
0. 

Proof. Fix x and y. By definition, we see that •£?•(£) can be rewritten as the form 

(5.5) ^{0 = e 2 ^ rz/uJ2 K r {0, 

where K r {^) is independent of z in the interval where [y + rz] is constant. This expression 
yields ([53]) and hence flU]) • Furthermore, K r (£) = e~ 2 ^ rz l^ & r {£) and imply that 
K r (£) is holomorphic in £ around the origin. Comparing the Taylor expansions of the 
both sides of (|5.5|) . we see that the degree of %k,r(x, y, z; it)\, oj 2 ) in z is at most (k — 1). 
By (|5.4|) . we have 



(5.6) % k .r(x,y, z;u)i,u 2 ) = (-^-\ kXi >r (x, y, z; ui, uj 2 )z k 1 + 0(z k 2 ). 

v OJ2 > 

Noting %i >r (x,y, z;lu%,cj 2 ) = &r(0), we have the last assertion of the theorem. □ 



Now from Theorems 13.11 15.11 and 15.21 we can immediately deduce Theorem 11.11 as 
follows. 

Proof of Theorem \l.l\ For r > 2, from (|3.2p and (|3.7p we have 

3C fe , r (0,0,z;l,z) = y. / (~1) W y e 2*(m+in)r(*-l/2) 

fc! V sinh(m7r)/ (m + ni) k 

(m,n)gZ 2 



while from (|5.2p we have 
3C fcjr (0,0, *;!,*) 



(5.8) 



k\ 



A J^M) / S< r j r _ ; (z;z) ^ ggj-^ (-l)J (fc +j - 1)! 3 fc+J -({^};») x 
+ U v(fc + r-/)! t^(r-j-Z)! j! (fc-1)! (fc+j)! / 

which is, by Lemma 12.31 and (|2.33p . further equal to 
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(5.9) 



E 



11 (k + r-l)\ 

l=r+l y ' 

_ ^ QwYHj k+r _ t f BtlUz) _ B^jz) (-l)J (fc + j - 1)! g fc+J -({rz» 
^ l\ K ' \(k + r-l)\ 2^(r-j-l)\ jl (k-l)\ (k + j)\ 

2* k+r _ 2 ( B£l_ 2 {z) _ ^ B<%_ 2 (z) (-l)J(fe + j-l)!B fc+J -({rz» 
2! 1 j V(A; + r-2)! ^(r-j-2)! j! (fc - 1)! + 

, (2 , k+ r( B tlM y g^jCf) (fe + j - 1)! g fc+J -({rz» 

1 J V(fc + r)! f^ir-jy. j\ (fc-1)! (fc + j)! 

From (|5.7|) and (|5.9|) we obtain (|1.16p . For r = 1, a similar calculation yields (|1.17p . Note 
that in the case when k = 1, we interpret X](mn)ez 2 as £i m M N^2-M<m<M, which is 

m^O ' -jV<n<7V 

m^O 

convergent. The statement for the degree with respect to tt, zu 4 is clear. As for z, it 
follows from Theorem 15.21 □ 



6 Explicit examples 

From Theorem II .1\ we can give the following explicit formulas. 
Example 6.1. For zeR with < z < 1, from (|1.17p we have 

(_l)n e M»n+in)(*-l/2) / 27r 3 \ ^3 

smh(m7r) (m + raj^ \ 3 / 3 

(m,n)gZ 

| , _1 N \ n „27r(mH-»n)(ar— 1/2) 

(6.2) 7r y .\, } 

*— ' smn(m-7r) (m + m) 13 

(m,n)eZ 2 
m^O 

2vr 3 z 2 + + 2vr 3 js + — + , 

3 J V 3 / 15 45 3' 

„27r(m-Nn)(a— 1/2) 

( 6 -3) * Y ■ J \ 7 a! — 

z — ' smh(m7r) (m + rw) 4 

(m,n)ez; 2 

m^O 

'2vrtz7 4 8vr 5 2vr 4 \ vrro 4 vr 5 
+ ' + l5""~J Z "T5~ + 45- 
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The right-hand sides of the above formulas are indeed polynomials in z. 

In particular, putting z = 1/2 in (|6.2p . we obtain (jl.lip . Considering the cases z = 
and z = 1 in (|6.2p and adding them, we obtain 

, , ^4 A J& J2 

(6-4) E 



coth(m7r) tz? 4 4-7T 3 tt~ 



(to + m) 3 157T 45 3 ' 

(m,n)eZ 2 V ' 
m^O 

which was obtained in |29j . 

Example 6.2. For simplicity, we let ^ > (r) = 3^(0,0, 1/2; l,r). From (fTTTHD we can 
evaluate Sjj. (*) for r > 2. To evaluate the right-hand side of (|1.16p in the following cases, 
we need to know some special values of B^\l/2): 

#0(1/2) = 1, #2(1/2) = -1/12, # 4 (l/2) = 7/240, # 6 (l/2) = -31/1344, 
' } (l/2) = -1/6, #f (1/2) = 1/10, #f (1/2) = -5/42, 

-1/4, #! 3> (l/2) = 17/80, Bf\l/2) = -457/1344, 
} (l/2) = -1/3, #i 4) (l/2) = 11/30, fif (1/2) = -31/42, 



B< 2 > (1/2) 


= 1, 


B {2) 


B® (1/2) 


= 1, 


B {3) 


#< 4> (l/2) 


= 1, 


B {4) 



while B^(l/2) = for any odd k. These values can be obtained directly from the 
definition (jl,15p . When r ^ k (mod 2), we can easily confirm that Si (*) vanishes, hence 
we only give examples in which r = k (mod 2). 

la k\ r( 2 )r^ 1 ro 4 11 2 2 

( 6 - 5 ) J2 W = / ^T7 \77 1 77 = 77 — 9 ~~ 77 ^ + o 71 "' 

z ^ smh(m7r) 2 (m + ni) 2 157T 2 45 3 

(m,n)GZ 2 



Q {2) (i)= V - = _^! + ^4_l 3 

^•o; »4 W S inh(mvr) 2 (m + m) 4 " 45 945 45 ' 

(m,n)€Z 2 

(6 7) 3^W= V - ^ I 151 T 3 ^2 

^•<J »3 W S inh(mvr) 3 (m + m) 3 30^ 1890 5 ' 

(m,n)GZ 2 

/~ ^ ^<4)/.x 1 w ^ 191 o 8 

6.8 S 2 4) W= E -T7 W~ — -v=-7T2 + w ir TZ n > 

*— ' smh(m-7rj 4 (m + m) z 157r z 945 15 

(m,n)eZ 

and 

/ s „(3) M (-1)™ ^ 4 11 2 

6.9 S< d >(i ) = Lim Y . r7 J, ; 7 = 77^-77^+7, 

1 m,n ^— ' smh(m7r) 3 (m + ra) 157r 3 45 3 

-M<m<M \ j \ ' J 

—N<n<N 
m^0 

Q (5),.v r . (-1)" ^ 4 ,191 8 
(6.10) 3- U =£im > ; - = 5- H 7r , 

v ; 1 w Af,JV ^ sinh(m7r 5 (m + ni) 15vr 3 945 15 

-M<m<M \ J \ < > 

—N<n<N 
m^0 
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which are higher-order versions of our previous results in [28], where we have proved, for 
example, (fTTTTD . (fTTTZI) and 

(6.11) gS 1) (i) = £zm y 1 - ( ~ ir r = --l. 

M.N sinh(m7r)(m + ni) 3 

—M<m<M V A ' 

-iV<ri<7V 

Note that, by using the same method as introduced in [25], we can prove that 

(6.12) 9? k+1) (i) = -9? k) (i) ( feGN ). 

7T 

In fact, from the above listed equations we can observe that (|6.12p for k = 1, 2 is true. 

Next we consider more general cases. 

Example 6.3. Putting (k,r,x,y,z,ui,U2) = (1, 1, 0, 0, 1/2, 1, r) in (|5.2j) . and using (|2.7|) 
and (I2.33p . we have 

1 vr 2 

(6.13) ^1,1(0,0, 1/2; 1,t) = -:K 2 (l,r) + ^. 
Therefore, by using ()2.20p . we obtain 

vr 2 

(6.14) OCi^O, 0, 1/2; 1, -1/r) - r 2 3Ci,i(0, 0, 1/2; 1, r) = -2vrir + — (r 2 - l) . 
On the other hand, letting (k,r) = (1, 1) in (|3.7p . we have 

(6.15) DCi,i(0,0,l/2;l,r) =--gf ) (r). 

r 

Substituting (|6.15|) in the both cases r and —1/r into (|6.14|) . we have the following reci- 
procity formula: 

(6-16) gf>(r) + 9^ (-1/r) = -2 + ^±vr. 

Letting r = i, we immediately obtain (|6.1ip . Next we let r = p = e 27 ™/ 3 . We prove 

(6-17) S f)(_i/ /)) = -Ig5 1 ) (/9 ). 



In fact, 

5?(-l/p)=Lim V 

kf <m 
/V<ni 
m^0 



\I<m<M 
N<n<N 



M.N ^—^ sinh(m7ri(— p))(m — np l ) 



(6-18) , )n 



M,N M ^* <M sinh(m7ri(l/p + l))(m(— p — p 2 ) — np 2 ) 

-N~<n<N 
m^0 
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because p~ x = p 2 = —p — 1. Since any of the three meanings of LirriM,N gives the same 
value, here we specify that LiniM,N on the right-hand side of (|6.18p means the limit 
lim^/^oo lirn/v-j-oo- Then the right-hand side of (|6.18p is further equal to 



-l) m 4~ n 

Af^oo ^— ' N->-oo ^— ' sinh(m7rz/p)(— mp — (m + n)p 2 ) 

—M<m<M -N<n<N K 1 1 1 ' 

m^O 



lim } lim 



(6.19) 



where 



-— lim lim A(m,n:p), 

r —M<m<M -N+m<n<N+m 



A(m, n; p) 



sinh(m7ri/ p){m + np) 

Fix an M temporarily, and replace the condition —N + m<n<N + m on the inner 
sum by —N < n < N. When m > 0, the terms A(m, n; p) for N < n < N + m are to be 
removed, while the terms for — N < n < —N + m are to be added. The total number of 
these terms is O(M), and each of these terms is estimated as 0(N~ 1 ) if N is sufficiently 
large. Hence the total contribution of these terms tends to when M is fixed and N — > oo. 
The case m < is similar. Therefore we can replace the condition on the inner sum by 
—N < n < N on the right-hand side of (|6,19p . Then it is equal to —p~ 1 9^\p)- This 
proves (|6.17|) . 

Putting r = p in (|6.16p and combining with (|6.17p . we have 

l-IW W = -2 + £zi*. 
PJ 3p« 

Therefore we have 

(0.20) S « W = i(| + ^4) = !(^3). 

From the Legendre formula for quasi-periods of the Weierstrass zeta-function (see, for 
example, [14]). we can deduce G 2 (p) = 2-Kp/y/Z. It should be noted that (16T201 can also 
be obtained from this value of G 2 (p) and (|6.13p . A feature of the above proof of (|6.20p is 
that it does not use the value of G 2 (p). 

Next we add a few more examples. Similarly to (jl.4p . it is known that 

— 6 ' — ' 12 ' — 18 

(6.21) Ge( „ ) = |_, Gl2W = ^, 

and G2j(p) = for j > 2 with 3 f j, where 

w = 2 dx = \' 1 = 2.428650648 

Jo 2 4 /3vr 

These facts were first studied by Matter (see Lemmermeyer |22[ Chapter 8] ; also Katayama 
|16[ §6.1]). Hence, from (|2.17p . we have 

K 6 (l,p) = -6!G 6 (p) = -^ 6 , 0< 12 (l,p) = -12!G 12 (p) = _^9£s 12 ,... 
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and !K2j(l,p) = for j > 2 with 3{ j. Therefore, applying the same argument as in the 
case of Si (p), we obtain, for example, 

(6.22) 3< 1) (p)= Y - , ("V" r~ = i f -vr 3 - ^vr 2 V 

(m,n)£Z V / 

, s ,^ Q <i> r n V- (-1)" Y ^ 31 5 7^/3 ^ 

(b.^j b 5 IP) - ^ si nh(m7Ti/p)(m + np)5 ~ P% [ 35vr + 2520^ 540 ^ i ' 

(m,n)eZ 2 \ / 



(6.24) S f(p)= V — - * V2 =p[ 1 ^ 2 ^ 

^ (smh(nnri/p)) 2 (m + np) 2 \ 45 



7T 



(m,n)eZ 2 



(s'mh.(miri / p)) 2 (m + np) 4 p I 357r 2 945 135 



Note that (|6.2U|) and (|6.22p - (|6.25|) can also be given by the same method as in [28j. 
Example 6.4. By combining (jl.ip and (|6.6p and using (coshx) 2 = (sinhx) 2 + l, we obtain 
(6.26) 

v (coth(m7r)) 2 1 + (sinh(m7r)) -2 

t—' n (m + ni) 4 ^ „ (m + ni) 4 

(m,n)£Z 2 K ' (m,n)eZ 2 V ' 

rre^O m^O 

(v - >. - \ 1 v - (sinh(m7r))~ 2 

2-^ ^ I <m + ni) 4 2-^ (m + ni) 4 

(m,n)£Z 2 (m,n)GZ 2 / (m,n)eZ 2 

(m,n)/(0,0) m=0,ra^0 m^O 

2 4 , 16 4 4 3 
= 45^ + 945^ "45^ ' 
which was obtained in [29]. Similarly, by (|6.25|) . we obtain 

(coth(m7ii/p)) 2 1 + (sinh(m7ri/p))~ 2 

^ (m + np) 4 t—t ( m _)_ n pY 

(6.27) 

1 f ro 6 16 4 8^/3 3 1 

= — < H 7T 7T > , 

p | 35vr 2 945 135 J 

because G±{p) = 0. 



7 Values of g-zeta functions at positive integers 

In |15] . Kaneko, Kurokawa and Wakayama defined a ^-analogue of the Riemann zeta 
function, so-called the g-zeta function, by 

(7-1) CrW = (1 " ?)* E 7f 



w (1 _ gm)* 
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for q G K with q < 1. They showed that lim^i Cg( s ) = C( s ) f° r all s S C except for s = 1. 
More generally, they studied the function 



(7-2) / 9 (M) = (1-<?) S E7I 



Note that / g (s, s— 1) = Cj( s )- I* 1 [30] , Wakayama and Yamasaki showed that lim^i f q (s, t) 
£(s) for all (s,t) G C 2 except for s = 1. Therefore f g (s,t) can be regarded as a true g- 
analogue of ((s). 

In this section, we aim to evaluate f q (2k,k) for k G N when q = e~ 2w . From the 
definition, we can see that if q = e~ 2lT then 

(7.3) f ( 2 k,k) =(—-—) ■ u W 

N 7 m=l 

Therefore it is necessary to evaluate ^m>i sinh(m7r)~ 2fc for k G N. 
Proposition 7.1. For ieN, 



(7-4) E -T7 L ^ = 1 Sr i> (^ 

Sinn 77171" z/t 7T 

mGZ\{0} 

Proof. Let 



= E ■ u \ (j' gZ )- 

^— ' smh(n7r W 

n=l 



Cauchy [S] showed that 



(7.5) 6(-l) = 6(-4j - 1) = (i € N). 
For 6» G (-7r,7r) C R, let 

^ (-l)"{sin(ng) + sinh(ng)} 
d{) ^ sinh(nvr) + 2tt' 

n=l 

which is absolutely convergent for G (— 7r, 7t). We can easily check that sinx + sinhx 
2 E/>o + 1)!. Hence, by ([73]), we have 

(7.6) *=o l^ + ij. 

= 2 e(-i)e + L = o (0€(-7r,7r)). 



For G N and 6> G (-vr, vr) C M, let 

sinh(m7r) 2fc 



/ i \m imO 



m£Z\{0} 
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From (|7.6p . we have 3~(k;0) = for 9 £ (— vr,7r). On the other hand, combining (|7.5[) and 
(|7.7|) . we have 

/ i \m+n ( e i(m+n)8 e i(m—n)9 i „Y„(im-|-ri)0 -,(im— n)0"\\ 

? (M) = EE— ■ J m i Z v ^ 

' sinn m7r ZK 1 smn ni 

m/0n>l v ' y ' 

(7.8) + - E 



7r ^— ' sinh(m7r) 2fc 1 

m^O V ; 

(_!)m+n | e i(m+n)e + ie (im+n)e| ^ (_-Qmgim0 

' ^— ' sinh(m7r) 2fc_1 sinh(ri7r) tt ' sinh(m7r) 2fc_1 

In order to integrate this function, we remove the constant term of the first sum, namely 
the term of m + n = 0, on the right-hand side of ()7.8|) and define 



( ' ) sinh(m7r) 2fc_1 sinh(n7r) 

(7.9) +I rr tii _ : 

' ' sinh(m7r) 2fc_1 sinh(n7r) 



z0 x - 



(-l) m e 



iriAmd 



tt ' sinh(m7r) 2fc 1 

m^O V ; 

Since $(k\ 6) = for G (— vr, tt), we have 

(7.io) y(fe;g)= E ■ rr ^ 

^-^ smn mf r K 

for 9 £ (-7r,7r). By calculating (J(0) + J{-0))/2, we obtain from ([721) and (|7TT(1 that 

v ^ v ^ (-l) m+n cos((m + w)fl) , x - ^ cos h((im + n)0) 

' ' sinh(m7r) 2fc_1 sinh(ri7r) sinh(m7r) 2fc_1 sinh(n7r) 

(<7 m + n^O 

_ 6_ (-l) m sin(mfl) _ ^ 1 
tt ' sinh(m7r) 2fc_1 ^—^ sinh(m-7r) 2fe 

Now we integrate the both sides of (|7.1ip with respect to 9 from —tt to tt. Then, noting 

wu . A r w/- 2(-l) m sinh(n^) 

cos((m + n)6)d6 = 0, / cosh ( (im + n) 9)d9 = — - - — 

J_ 7r im + n 

2tt(— 1 ) m 
0sm(me^°- V 7 



m 

we obtain 

2iLim N — — , — -+2 ) , — = 2-7T > r=r, 

M,Af ^— ' sinh(TO7rr fc 1 im + n sinh(m7rr fc 1 m ^-^ sinhfmvr)^^ 

-M<m<M ( ' \ • J m ^ \ ) m ^ \ ) 

—N<n<N 
m^O 
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Note that the second sum on the left-hand side corresponds to the case n = of the first 
sum on the left-hand side. Therefore, replacing (m,n) by (— m, —n) on the left-hand side, 
we have 

2sf k ~ 1 \{) = 2Lim V . - [~ ir u - = 2vr V —± 

m.n z — ' sinn raf r L {m + ni) ^-^ sinn mi " 

—M<m<M v ; v ' m^O v ; 

-N<n<N 

which gives (|7,4|) . This completes the proof. □ 

Example 7.2. As we mentioned in the previous section (see Example l6.2p . we can evaluate 
g( 2fc j- gee (|6.9p - (jg.np ). Hence, setting q = e _27r , and combining (|7.3[) and (|7.4|) . we 

can obtain the following evaluation formulas for g-zeta functions: 

(7.12) f q (2, 1)(= Cg (2)) = (1 - q ? £ j^— - 2 = 1 \ } (\ ~ i) 



^(l-g™) 2 8 V 3 T/ 

00 „2m /1 _ p -2tt\ 4 / 4 11 o \ 

(7.13) /t (4, ,) = (,- E ^ = L^_± + 

m=l x ' 

(7.14, / t (M) = (1 " «)" E 7f^S)5 = (j£ - £ + li) • 

m=l ' 

We will give more general results about g-zeta functions in our forthcoming paper. 
Indeed we will be able to give general forms of evaluation formulas for q-zeta functions in 
terms of theta-functions. 
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